In this paper, we consider use of synthetic aperture radar (SAR) to provide absolute platform position information in scenarios where GPS signals may be degraded, jammed, or spoofed. Two algorithms are presented, and both leverage known 3D ground structure in an area of interest, e.g. provided by LIDAR data, to provide georeferenced position information to airborne SAR platforms. The first approach is based on the wide-aperture layover properties of elevated reflectors, while the second approach is based on correlating backprojected imagery with digital elevation imagery. Building on 3D backprojection, localization solutions result from non-convex optimization problems based on image sharpness or correlation measures. Results using measured GOTCHA data demonstrate localization errors of only a few meters with initial uncertainty regions as large as 16 km 2 .
INTRODUCTION
The global positioning system (GPS) provides tremendous value to both civilian and military applications in the form of positioning, navigation, and timing (PNT) solutions. However, because GPS signals are subject to degradation, jamming, and spoofing, an over reliance on this single technology creates a vulnerability that is lessened by additionally considering alternative PNT solutions. In this paper, we consider the use of synthetic aperture radar (SAR) to provide absolute position information to airborne platforms.
Early work in radar-based navigation includes the terrain contour matching (TERCOM) system and related terrain-based systems. [1] [2] [3] The TERCOM system maintains a database of one-dimensional terrain profiles that are then matched with in-flight data to establish a position estimates when an airborn platform flies over a known patch. Related methods 4 maintain geo-registered databases of ground-level scatterers and their locations. By continuously operating the radar in a target recognition mode, the airborne platform can recognize landmarks and self-localize. A second type of radar-aided navigation system uses odometry methods. [5] [6] [7] Rather than navigating by matching measured radar data to a database of known features, these systems aid in navigation by tracking the locations of scattering centers in a scene. They assume that the scattering centers are stationary, and thus, the motion of the aircraft can be inferred via a system of scatterer-to-platform range equations. Odometry methods are unburdened from requiring a database of ground-based features, but consequently only provide relative position tracking.
In the current paper, we present two SAR-based localization systems that can be used to provide absolute aircraft positioning in the absence of GPS. The first approach is based on the wide-aperture layover properties of elevated reflectors, while the second approach is based on correlating backprojected imagery with digital elevation imagery. Both systems rely on 3D scattering phenomenology and require the availability of a geo-registered digital elevation map (DEM) over the area of interest, e.g. as provided by a LIDAR sensor.
The rest of this paper is organized as follows. In Section 2 we review properties of 3D SAR that are required in the development of the localization algorithms. In Section 3, we develop the localization algorithms and discuss the tradeoffs of each. Localization results are presented in Section 4 after applying the new methods to measured SAR data from the GOTCHA platform. Finally, conclusions are given in Section 5.
THREE DIMENSIONAL SAR
In this section we review properties of three-dimensional backprojection and SAR necessary for the development of the localization algorithms that follow.
Point Spread Function
The three-dimensional point spread function (3D-PSF) of a synthetic aperture collection is a function of spatial pixel location r = [x, y, z]
T and is given as
where θ 1 , θ 2 are the beginning and ending azimuth angles of the flightpath, respectively, and k 1 , k 2 are the beginning and ending wavenumbers, respectively. For propagation velocity c, the wavenumber for the ith frequency is given as k i = 2πfi c . For a circular aperture with radius R 0 and polar angle φ 0 , the platform position R is given as
Evaluating (1), an example of the 3D-PSF for a 90
for an X-band radar with 640 MHz bandwith and center frequency of 10 GHz is shown in Figure 1 . The peak of the 3D-PSF occurs at the true point location (origin). Large amplitude reflectivity also descends downward from the origin in the direction of the radar. This is represents the well-known effect of layover 9 where elevated targets appear closer to the radar in ground-plane imagery. Exploring x-y slices of the 3D-PSF with descending values of elevation z, we observe that not only are high-energy areas displaced away from the origin (layover), but the spread of the PSF increases azimuthally. We refer to this effect as defocused layover, which is exacerbated by larger synthetic apertures and when imaging to a plane that is significantly displaced from the true elevation of a target.
For full 360
• circular apertures, the 3D-PSF (1) may be approximated as
The locus of high-amplitude points in the 360 • PSF (3) resembles a cone and is often referred to as a "cone of confusion". 11 The 90 • aperture considered above is a subset of a full circular aperture, and the resulting 3D-PSF in Figure 1 appears as a portion of a complete cone whose apex is located at the point reflector's true location.
Backprojection
When a region to be imaged contains large elevation diversity, resulting from, e.g., terrain variance and/or tall buildings, imaging to a single elevation plane produces distorted and defocused imagery due to the 3D-PSF and defocused layover effects described above. Alternatively, backprojecting to a surface consistent with the ground elevation profile ameliorates these effects. For a P -pulse aperture, the backprojected reflectivity for pixel i is
where Q p (r) is the filtered range profile of pulse p. The frequency response, |ω|W r (ω), of the range filter includes the convolution backprojection frequency ramp (|ω|) and an optional apodization window in the range dimension, W r (ω). Similarly, W x (θ p ) represents an optional cross-range apodization window. In (4), the pth range profile is evaluated at the differential range to pixel i, which has physical location
where the function h(x i , y i ) returns the surface elevation at location (x i , y i ). As illustrated in Figure 2 , r 0 represents the 3D radar aimpoint, and r a (p) denotes the 3D location of the pth point along the synthetic aperture.
A synthetic-data example of imaging elevated point targets is shown in Figure 3 . Here, the radar and collection parameters are identical to those described in Section 2.1 with 3D-PSF illustrated in Figure 1 . The scene in Figure 3 consists of a dense array of point scatterers on top of a single 100 m tall building. Three backprojection images with planer surfaces were generated: 1) Fig. 3 As noted in Section 2.1, for small apertures, image plane displacement primarily results in layover with limited defocus. However, the direction of layover-induced target translation is highly dependent upon viewing angle. Further, because layover extent depends on scatterer elevation, this effect alone can cause image distortion among targets at different heights.
SAR-BASED LOCALIZATION METHODS

Sharpness-based Localization
We assume that the locations of the radar platform along the synthetic aperture are known up to an unknown translation common to all points, i.e.
where
represents the unknown shift amount. This implies a number of assumptions about the flight path: 1) the shape is known, 2) the orientation is known, and 3) the elevation is constant and known. All of these quantities are readily available from onboard sensors, such as an IMU, compass, and altimeter. Further, as shown later, localization from very short flight paths is possible, making linear path approximations valid and lessoning the impact of IMU drift. Consequently, combining an estimate of θ with (7) provides us absolute position estimates for the platform along the entire aperture.
As illustrated earlier, optimal image focus is obtained when the 3D backprojection surface coincides with the elevation structure of in-scene scatterers. Consequently, we can use image focus as a metric to quantify the proper relative alignment between a georegistered DEM surface and the radar flightpath. Rewriting the differential range (5) to include aperture uncertainty (7), we have
Combining a georegistered DEM for pixel locations and elevations {r i } with (9) for differential ranges, we use (4) to produce a backprojection image
that is dependent upon the unknown aperture translation θ.
Various measures, such entropy 12 and sharpness, 13 are available to quantify the degree of focus of an image. Here, we consider image sharpness, defined as
as a measure of the optimality of θ. The optimal position estimate is chosen as the value that maximizes the sharpnessθ
The disadvantage of (12) is that each evaluation of the objective function f sharp requires computing a new backprojection image, which has a large computational complexity: O(P N 2 ), where N 2 denotes the total number of pixels. Additionally, as described in Section 2.1, to generate measurable defocus requires relatively large apertures (large P ).
Correlation-based Localization
The correlation-based method described in this section is designed to minimize the computational and aperture requirements of the sharpness-based approach. Rearranging (9), we have
which indicates that shifting the aperture by +θ is equivalent to shifting the DEM by −θ. When backprojecting to a DEM surface z i = h(x i , y i ), we have
While the point
This expression indicates that for platform translation θ, the value of pixel i is merely shifted in the x-y image plane by (x 0 , y 0 ). Hence, we are motivated to develop a new localization algorithm based on a single elevation plane because all candidate imagery, for different hypothesized positions θ, may be efficiently generated by a single backprojection and subsequent translations.
Let ξ represent the vectorized scene reflectivity, and let
denote vectorized phase history, where n represents additive noise, and F θ is the Fourier operator consistent with the bandwidth, flightpath, and translation vector θ of the radar platform. For complex circular white Gaussian noise with variance σ 2 , the likelihood function for θ is
and, neglecting scaling and θ-independent terms, the log-likelihood function is
To estimate the position vector, we consider the maximum likelihood estimate of θ
however because the true georegistered reflectivity image ξ is unknown, (19) cannot be used directly. As a surrogate for ξ, we consider the digital elevation image D, where each pixel's amplitude corresponds to its elevation. Finally, applying the adjoint property of the Fourier operator
and noting that F H θ g = I θ is the backprojection image from phase history g, we obtain the following surrogate log-likelihood function
As noted above, when imaging to a plane, backprojection images I θ are merely shifts of a θ = 0 image. As such, the LL metric may be written as
i.e., a correlation between the backprojection image I and the DEM D. The maximum (surrogate) likelihood estimate is the peak of this correlationθ
In evaluating (23), there are a number of implementation details that aid performance and reduce computational complexity. The steps followed are 1. Identify a region of uncertainty R ⊂ R 3 known to contain the collection aimpoint, r 0 ∈ R.
2. From the complete DEM, identify an elevated feature within R, such as the top of a building. Denote the feature's elevation as z f eat and extract a small region, D f eat , around the feature from the complete DEM.
3. Compute a backprojection imageÎ at fixed elevation z = z f eat over the region R. (23) is then identified as the location of the peak of the 2D cross-correlation betweenÎ and D f eat .
The estimateθ in
While the sharpness-based approach quantified the defocus of bright scatterers, the correlation-based method utilizes shape information. As such, performance is improved when the elevated target identified in Step 2 above has a unique shape within the uncertainty region R. Intuitively, correlation works well because elevated manmade objects, such as buildings, typically exhibit measurable scattering on their surface and edges that coincides with DEM geometry. By imaging to the plane z = z f eat in Step 3, the imaged features of the elevated target appear in the proper position, irrespective of the viewing angle of the SAR platform. This ensures that D f eat maximally correlates withÎ at the proper location. It also has the benefit of distorting other portions of the scene that occur across a diversity of elevation levels.
LOCALIZATION RESULTS
Here we present localization results for the proposed methods using measured SAR data. We used phase history data from the X-band GOTCHA radar 14 for SAR measurements and a georegistered LIDAR pointcloud as the DEM. Both sensors collected wide-area data over a common region. However, the SAR data was collected two years after the LIDAR data. Details of the sensors and collections are given in Tables 1 and 2 
Comparison of Localization Methods
As an initial test, we evaluated the sharpness-based and correlation-based systems over a small flightpath consisting of a 0.75
• aperture (6144 pulses) and then a larger 10.4
• aperture (86,016 pulses). While the true position of the platform is known for evaluation purposes, the algorithms were given an uncertainty region R sized ± 100 m in the x and y dimensions, centered around the true location. Accordingly, and estimate ofθ = [0, 0]
T indicates a perfect position estimate in this experiment. For the correlation-based method, a cluster of three buildings was identified in R and used as the elevated feature. DEM and SAR images of the building complex are shown in Figures 4(a) and 4(b) , respectively. T . Consistent with the theory presented above, the sharpness method does peak at larger apertures, and for the 10.4
• aperture case depicted in Figure 5 (c), we observe a global maximum at the correct location (and a local maximum displaced approximately 50 m). For the larger aperture, the correlationbased method continues to be maximized at the proper location and displays a slightly better peak-to-sidelobe ratio than for the smaller aperture case.
The experimental results indicate that relatively large apertures are required to achieve good localization performance using the sharpness method. Further, because each evaluation of the sharpness metric (11) requires the computation of a new backprojection image, the computational complexity for processing larger apertures becomes prohibitive. In contrast, for the correlation method, the entire cost surface may be computed from a single backprojection image. In the examples presented here, the sharpness-based approach took approximately two orders of magnitude more time to evaluate. Since the correlation-based method outperforms the sharpness approach in nearly all aspects, in the next section we focus our analysis on this method in a wider array of operating conditions.
Correlation-based Localization Results
The correlation-based examples presented in this section continue to use the three-building target shown in Figure 4 , however similar results were obtained using other in-scene buildings as the targeted feature. In the first experiment, we localized the radar platform at ten distinct points along a 9 km flight path. The true path of the aircraft is shown by the blue line in Figure 6 , and the estimated points are shown by the red dots. In this experiment, the uncertainty region R was a 300 m × 300 m square area containing the true location, and 1.5
• of aperture (2000 pulses) were used in backprojection imaging. Hypothesized positions were evaluated on a 5 m grid, making estimates quantized to this limit. Each point location was estimated independently, not aided by any prior information from, e.g., a tracking algorithm. Among the estimates, nine of the ten point locations were estimated perfectly (made possible due to the quantization grid falling on the true locations), and only one point experienced a 5 m error.
This example highlights a more real-world application where a platform is localized at various points along an extended flight path, as needed, for example, to provide periodic corrections to INS drift when GPS in unavailable. Because the look-angle of the radar changes by 67
• over the 9 km flight path, this example also demonstrates robustness to variations in aperture-scene geometry. This is accomplished by the elevated backprojection plane (Step 3 above) which prevents aspect-dependent layover that would be present in ground-plane imagery.
As a final experiment, we considered a very large 4 km × 4 km uncertainty region R and explored the number of pulses required to achieve good localization performance. Accommodating such a large uncertainty region is important in cold-start scenarios where reliable position priors are not available. Figure 7 illustrates the localization error ||θ −θ|| versus the number of pulses in the synthetic aperture. A distinct threshold is observed at 168 pulses. Below this threshold, spurious peaks in the correlation surface generate large localization errors. For synthetic aperture sizes greater than the threshold, the proper peak is identified and localization error is minimal, roughly equal to the size of the quantization grid. While the threshold of 168 pulses implies a very low cross-range resolution, likely unsuitable for visual interpretation of the scene, it is sufficient for localization purposes due to the processing gain of the correlation process. The sufficiency of the small aperture in this example lends promise to a real-time implementation of the localization algorithm.
CONCLUSION
In this paper, we presented two methods for using the properties of 3D SAR imaging to provide absolute global positioning information to airborne platforms. The first method quantified DEM and SAR alignment using image sharpness, while the second approach considered correlations between a georegistered DEM and elevated-plane imagery. The correlation-based method was shown to provide an approximate maximum likelihood estimate of the platform position and had low computationl complexity, requiring only a single backprojection per positioning operation. Experiments with measured GOTCHA radar data demonstrated the effectiveness of the approaches and yielded localization errors less than a few meters for uncertainty regions as large as 16 km 2 .
Future work will focus on generating posterior probabilities for the position estimates in order to fuse the SAR-based solutions with other positioning sources, such as INS and EO based systems. Future work will also consider the integration of the SAR-solution into Bayesian tracking methods in order to limit the a priori uncertainty regions and provide online position updating via incremental phase history data.
